Abstract-This work provides a design method for achieving a specified level of stability for inverter-based interconnected distributed generation. The stability of parallel connected distributed energy resources determined from a linearized state-space model of the inverter dynamics that includes the admittance matrix of the interconnecting distribution lines. Each inverter uses a localized droop control scheme with the associated voltage and frequency measurements obtained through the application of an enhanced phase locked loop. Previous work on this topic has focused on single inverters connected to an infinite bus without modeling of delays from a phase locked loop implementation. This proposed method overcomes both of these limitations of previous research. A detailed large-signal simulation of a three-bus interconnected power system is analyzed under two different network admittance values. Results confirm the effectiveness of the proposed stability design method.
INTRODUCTION
As increasing levels of renewable energy sources such as wind and solar come on-line, there is a corresponding increase in concerns related to the design and stability of interconnected inverter systems. Computational stability method have been proposed as in [1] and [2] . There are a number of complex issues related to the coordination of inverter based generation as mentioned in [3] and [4] . Leveraging the extensive experience with conventional synchronous generators, mimicking this behavior has been widely adopted [5] . However, the modeling of power electronic inverters differs from synchronous generators, for example as in [6] . This research effort builds upon that presented by Coelho et al in [7] for developing linearized models of interconnected inverter systems which includes line impedances as part of the dynamics. This provides a means to directly account for the inverter and distribution grid interactions as part of the stability design. The contribution of this paper is that the system is extended to a general three-bus network, whereas [7] only addressed a two-bus system. In addition, this paper presents the use of the enhanced phase-locked loop developed by Karimi-Ghartemani et al in [8] - [9] which allows for robust performance in measuring electrical frequency during power system transients. The overall method of an extended three-bus system with the E-PLL is assessed with a detailed nonlinear simulation that confirms the effectiveness of the proposed stability design method. In the detailed nonlinear simulation the distribution lines were modeled using a pi section line, but are modeled as inductive impedances for the system modeling, and the stability design for simplicity as distribution lines are typically short lines, and the capacitive elements of the pi section line are dominated by the large load impedances Y 1 , Y 2 , and Y 3 .
II. SYSTEM MODELING

A. Linearization of a Single Inverter
The approach taken in this research is to linearize the inverter dynamics and assess the eigenvalue for the closed-loop system. This provides a method of designing the droop-controller coefficients. Droop-control is based on the principle that for a single generator the real output power is related to its electrical frequency (and therefore torque angle in steady-state once an equilibrium level has been achieved). It is also noted that reactive power is primarily related to the output terminal voltage magnitude. To summarize, a droop control scheme for a generator is given by ,
.
The coefficients k p and k v are design constants that determine the stability of the overall interconnected inverter system. For inverters, the power electronics can synthesize nearly instantaneously any prescribed voltage and frequency. In order to mimic the behavior of a turbine generator, the inverter first measures the system frequency and makes adjustments with respect to a nominal value (e.g., variations from 60 Hz). This can be cast as the inverter real and reactive power as occurring in response to a measured value that has a first order transfer function characteristic,
And the measurement typically is implemented as a phaselocked loop (PLL). The corresponding linearized dynamics are as given in [7] , Figure 1 . Three-bus inverter network.
The time-domain expressions for (5) and (6) are,
in which Δ denotes incremental changes (linearized) of the variable from the equilibrium point. Using the same methods and nomenclature as given by Coelho in [7] , it can be shown that the linearized dynamics of each inverter with a first order approximation of the PLL measurement can be expressed in state-space form as
B. Three-Bus Inverter Power System
The work of Coelho et al in [7] only considered two area systems, of which one was assigned a reference angle. This paper extends the results to a three bus system for which each inverter is of similar size. Thus, there is no simplification of a reference bus to provide an overall system reference voltage, frequency and angle. A general three-bus system is analyzed and is shown in Fig. 1 , where its nodal admittance matrix is
The real and imaginary parts of (10) can be separated,
For consistency, the notation used in [7] is used such that this can be compactly written
This can then be linearized with respect to an equilibrium point as
Breaking out the real and reactive power delivered by each inverter in terms of the conventional direct and quadrature components,
The three-inverter circuit is described by
Again following the convention used in [7] , The relationship to the admittance matrix is included [7] ,
And the overall three-inverter power system dynamics are written as,
and compactly denoted by vector-matrix notation as in [7] by
With substitution, the expression becomes [7] [
The general relationship as in [7] applies for the three-bus system,
Likewise, the linear relationships are found as along with the state-space dynamics
In a similar manner to [7] where this is now becomes a threebus system,
This allows a system designer to select the phase-locked loop and the droop-control coefficients to achieve an overall system stability and transient response that is desired for a particular power system deployment. That is, the parameters in (24) contain the two droop coefficients from (1) and (2) and the measurement pole w f as three design variables, for with well established method such as root-locus techniques, can be used to set the eigenvalues of (24) to a prescribed value for ensuring stability margins of the overall system are achieved.
III. ENHANCED PHASED-LOCK
The inverter dynamics indicated by (3)-(4) is given by which is determined by the response of the phased-locked loop. For this research, the enhanced phased-lock loop (E-PLL) as developed by Karimi-Ghartemani et al in [8] and [9] was used because of its ability to track frequency transients compared to conventional approaches for implementing a PLL. The reader is referred to [8] for the details of the E-PLL operation. To summarize, the following differential equations are solved in real-time for the amplitude, frequency and phase angle [8] ,
where
The implementation of the E-PLL is shown in Fig. 2 and the parameters used in this research are given by, √ , , where and ( ) . [Q_Inverter_1]
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IV. SIMULATION RESULTS
The three bus system previously described was simulated with the enhanced PLL and droop controls active. An inverter system in SimPower Systems [10] is shown in Fig. 3 .The implementation of droop-control in Simulink [10] is shown in Fig. 4 . The initial start-up from zero initial conditions has a severe transient. The system is run initially for 500 ms to allow the electrical variables of interest to reach an initial steady-state condition. These steady-state values were then used as the initial conditions for running further simulations. The behavior of the system under two separate network conditions was evaluated to explore the droop and E-PLL performance under various conditions.
A. First Test Case
The first power transient used the parameters and initial conditions as given in Table 1 . The associated eigenvalues were computed based on the small-signal analysis and are listed in Table 2 . This network was selected in order to have the dynamics of two-sets of complex (i.e., underdamped) eigenvalues. The effects of step changes in power delivered by one inverter are examined to determine how the system responds with droop controls acting through the E-PLL implementations at each inverter control. Two steps were introduced. First, a step of 10% at 0.500 s for the real power supplied by inverter 2, and a step of 10% at 0.500 s for the reactive power supplied by Inverter 3. The resulting change in real and reactive power from each inverter is shown in Fig. 5 . The real and reactive power consumed by each load is shown in Fig. 6 . The power flow response reaches a new steady state condition within 0.500 ms. The voltage magnitude for Inverter 3 is shown in Fig. 7 . This is the peak value of the individual phase to neutral voltage, recalling that this a 480 V line-to-line nominal system. The inverter responds rapidly to measured frequency fluctuations from the E-PLL. The frequency transient at Inverter 2 is shown in Fig. 8 , which indicates the expected similarity in the transient response as in Fig. 7 . In both the voltage and frequency transients, the new equilibrium values are reached after 80 ms, which corresponds to the designed droop control of 75 ms based on the E-PLL response.
B. Second Test Case
Case 2 was simulated in a similar manner to that of case one with the exception that it was simulated with the parameters presented in Table 3 , and the real power, reactive power steps were 10%, and 15% respectively. The associated eigenvalues for this network contain on one pair of complex values in Table 4 , indicating a system with somewhat greater damping. The same droop and E-PLL values were used as in Case 1. The real and reactive power flows shown in Fig. 9 and Fig. 10 reach a new equilibrium at a similar time as Case 1, although the transient magnitudes are diminished. This is not unexpected given the eigenvalues for the network. The voltage response given in Fig. 11 and the frequency transient in Fig.  12 likewise shown a similar settling time to reach a new equilibrium, however the magnitude of the step-response is somewhat less than Case 1.
CONCLUSION
This paper derived the three-bus linearized state-space equations for an inverter based power system. This allows for the measurement dynamics associated with a phase-locked loop to be included in the stability analysis of a droop-control based inverter system. The enhanced phase-locked loop was used for deriving the system dynamics, followed by a detailed nonlinear (large signal) simulation. Results under two different networks circuit values demonstrated that the overall system response provides adequate stability when included the overall nonlinear response. Thus, the benefits of the enhanced phase-locked loop with the linearized inverter dynamics were demonstrated.
